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ABSTRACT 
We show that for every set A = {A,, A,,. . . ,A,} of real numbers such that 
X,=l>A,>... 2 h, > 0, there exists a doubly stochastic matrix with spectrum A. 
We present an explicit construction of such a matrix. 
A square n x n matrix A = (ai j) is called doubly stochastic (for short, ds.) 
if a, j > 0 for all 16 i, j < n and C’&laij = CyCIai j = 1 (d.s. matrices are a 
useful tool in probability and statistics; see for example [l]). The set of n X n 
d.s. matrices is the convex hull of all n X 12 permutation matrices, as was 
proved by Birkhoff in 1946. Their close connection with nonincreasing 
rearrangement of vectors was shown by Hardy, Littlewood, and Polya in 
1929. An expository outline of these results can be found in [2]. 
Spectral properties of d.s. matrices have been an object of study since the 
fifties (see [2]). A question that arises naturally in this context deals with 
determining necessary and sufficient conditions for a set of n complex 
numbers to be the spectrum of a d.s. matrix. While the problem of a complete 
classification remains unsolved, partial results are presented in [2], [3]. So far, 
the case of n real numbers has not been treated. In this paper we show that 
every set of n positive real numbers with greatest value 1 is the spectrum of a 
d.s. matrix, and we do this by constructing such a matrix explicitly. 
PROPOSITION. Let A = { A,, . . . , X,)CR besuchthat1=X,>X2>,... 
>, A, > 0. There exists a symmetric, doubly stochastic matrix A such that 
a(A) = A. 
Proof. Set hncl =O, and aj=Xj-Aj+r for j=1,2 ,..., 72. Let A= 
(aij)lGi, jGn be defined by 
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for j=1,2 ,..., n,and 
a1 
aij=aji=-+ 
a2 _+ . . . + ai 
n n-l n-i+1 
forl<i< jand2< j<n. 
Our matrix A looks like this: 
Observe that, by construction A is symmetric. A simple verification shows 
that A is doubly stochastic. Indeed, 
$(~+~+ . . . +,_yJ 
k=l 
+‘+ . . . + “i 
n n- j+1 
+ “j+l + . . . + a, 
+(n- j) 2+ ... + 
[ 
“i 
n- j-t1 1 
=kcl n_;+l(n--k+l)+lYj+l+ a** +a, 
= jgl,j=,,=l. 
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Obviously each entry is nonnegative. Clearly 1 is an eigenvalue. Fix j >, 1, and 
consider A - X jZ. Adding to the jth row all rows with higher indices, we get 
the vector 
(n- j+1) 2+ ..* + 
i 
*.’ 
R- j+1 1 
-‘yj ,...) 
(n- j-tl) :+ ... + n_4’+I)-uj), 
( 
i.e., the vector of the (j - 1)th row multiplied by (n - j + 1). Thus det( A - 
h .Z)=O. Hence if A,,h, ,..., 
{i 
h, are all different, the spectrum of A is 
r,. . . , A,, }. A continuity argument implies that a(A) = A in the general 
case. 
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